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Abstract
For a family F of r-graphs, let ex(n,F) denote the maximum num-
ber of edges in an F-free r-graph on n vertices. Let Fr(v, e) denote
the family of all r-graphs on v vertices with e edges. We prove that
ex(n,Fr(r + 1, 2) ∪ Fr(r + 2, 3)) = (1r − o(1))
( n
r−1
)
.
For a family F of r-graphs (that is, r-uniform hypergraphs), let ex(n,F)
denote the maximum number of edges in an F -free r-graph on n vertices. Let
Fr(v, e) denote the family of all r-graphs on v vertices with e edges. In 1973,
Brown, Erdo˝s and So´s initiated the study of fr(n, v, e) := ex(n,Fr(v, e)).
The case r = 2 had been studied before. In particular, Erdo˝s [4] proved
f2(n, e+ 1, e) =
⌊
e−1
e
n
⌋
. Cases when the ratio (er− v)/(e− 1) is not integer
were studied in [1, 6, 7, 11, 12, 13, 15]. In the case when k = (er− v)/(e−1)
is an integer, Brown, Erdo˝s and So´s [3] were able to prove
(cr,v,e + o(1)) n
k ≤ fr(n, v, e) ≤ (Cr,v,e + o(1)) nk as n→∞ .
The case e = 2 is equivalent to the packing problem and was asymptotically
solved by Ro¨dl [10] who proved
fr(n, v, 2) =
((
r
2r − v
)−1
+ o(1)
)(
n
2r − v
)
as n→∞ .
Recently, the first case with e = 3, r ≥ 3 was solved by Glock [9]: f3(n, 5, 3) =
(1
5
+ o(1))n2. His result was generalized by Shangguan and Tamo [14] to
fr(n, 3r − 4, 3) =
(
1
r2 − r − 1 + o(1)
)
n2 as n→∞ .
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Shangguan and Tamo proved the upper bound
fr(n, 3r − 2k, 3) ≤
(
1(
r
k
)− 1
2
+ o(1)
)(
n
k
)
as n→∞ ,
which in the case e = 3, v = r + 2 becomes
fr(n, r + 2, 3) ≤
(
1
r − 1
2
+ o(1)
)(
n
r − 1
)
as n→∞ .
Inequality (4) in [14] provides the lower bound
fr(n, r + 2, 3) ≥
(
1
r
(
1
2
(r + 2)(r + 1)
3
)−1/2
+ o(1)
)(
n
r − 1
)
as n→∞ .
We will prove a much better lower bound which almost matches the upper
one:
fr(n, r + 2, 3) ≥
(
1
r
− o(1)
)(
n
r − 1
)
as n→∞ .
Answering a question of Erdo˝s [5], two sets of authors in [2] and [8]
independently proved that for any m ≥ 2,
ex
(
n, F3(4, 2) ∪ F3(5, 3) ∪ . . . ∪ F3(m+ 2, m)
)
=
(
1
3
+ o(1)
)(
n
2
)
.
It was suggested in [8, Conjecture 7.2] that a similar statement must hold
for all r ≥ 3, m ≥ 2, namely
ex
(
n,Fr(r+1, 2)∪Fr(r+2, 3)∪. . .∪Fr(r+m−1, m)
)
=
(
1
r
+ o(1)
)(
n
r − 1
)
.
We will prove this statement for m = 3 by constructing an Fr(r + 2, 3)-
free (or, in terms of [8], 3-sparse) partial Steiner (r − 1, r, n)-system with
(1
r
− o(1))( n
r−1
)
edges, r ≥ 4.
We define the degree of a subset of vertices in an r-graph as the number
of edges that contain this subset.
Theorem 1. There exists an (F4(5, 2)∪F4(6, 3))-free 4-graph with n vertices
and 1
4
(
n
3
)−O(n2) edges.
2
Proof. We may assume that n is even. Consider a 4-graph H(n) whose
vertices are elements of Zn, and 4 distinct vertices i, j, k, l form an edge
when i+ j+ k+ l ≡ 1 (mod n). Then the degree of a triple {i, j, k} is either
1 (when i+ j+2k, i+2j+ k, 2i+ j+ k 6≡ 1 (mod n)), or 0. The number of
triples of degree 0 is O(n2), and consequently, the number of edges in H(n)
is 1
4
((
n
3
)−O(n2)).
The only 4-graph in F4(5, 2) ∪ F4(6, 3) without triples of degree ≥ 2 is
formed by 3 edges A,B,C such that A = D ∪ E, B = D ∪ F , C = E ∪ F ,
where D,E, F are disjoint pairs of vertices. If they were present in H(n), we
would get
1 + 1 + 1 =
∑
i∈A
i+
∑
i∈B
i+
∑
i∈C
i = 2
∑
i∈D∪E∪F
i ,
which is impossible (as n is even).
Proposition 2. When r > 4 and n = 2d, there exists an (Fr(r + 1, 2) ∪
Fr(r + 2, 3))-free r-graph with n vertices and 1r
(
n
r−1
)−O(nr−2) edges.
Proof. Consider an r-graph Hd whose vertices are elements of Z
d
2
, where a
set A of r elements is an edge if the sum of them is zero, and A does not
contain zero-sum subsets of sizes 4 and r − 4. It is easy to see that the
degree of any (r − 1)-tuple of vertices is at most 1. An (r − 1)-tuple has
degree 0 only when it contains a zero-sum subset of size r − 2, r − 4 or 4.
Hence, the number of (r − 1)-tuples of degree 0 is O(nr−2), and the number
of edges in Hd is
1
r
((
n
r−1
)− O(nr−2)). Obviously, Hd is Fr(r + 1, 2)-free.
Suppose, there are 3 distinct edges A,B,C such that |A ∪ B ∪ C| ≤ r + 2.
Since |A ∩ B|, |A ∩ C|, |B ∩ C| ≤ r − 2, these 3 edges must be of form
A = D ∪ E ∪ G, B = D ∪ F ∪ G, C = E ∪ F ∪ G, where D,E, F,G are
disjoint subsets, |D| = |E| = |F | = 2, and |G| = r − 4. Then we get
0 =
∑
z∈A
z +
∑
z∈B
z +
∑
z∈C
z = 2
∑
z∈D∪E∪F
z + 3
∑
z∈G
z =
∑
z∈G
z ,
so G is a zero-sum subset of size r − 4 in edge A.
Proposition 3. When r > 4 and n = m2d, there exists an (Fr(r + 1, 2) ∪
Fr(r + 2, 3))-free r-graph with n vertices and (1r − O( 12d ))
(
n
r−1
)
edges.
Proof. The case m = 1 is covered by Proposition 2. Assume m ≥ 2 and
consider an r-graphHm,d whose vertices are elements of Zm⊕Zd2, and vertices
3
(x1, y1), (x2, y2), . . . , (xr, yr) form an edge when x1 + x2 + . . .+ xr = 0 in Zm
and {y1, y2, . . . , yr} is an edge in r-graph Hd from the proof of Proposition 2.
As Hd is (Fr(r + 1, 2) ∪ Fr(r + 2, 3))-free, it is easy to see that Hm,d is also
(Fr(r+1, 2)∪Fr(r+2, 3))-free. The number of edges in Hm,d is mr−1 times
that of Hd.
Theorem 4. When r > 4, there exists an (Fr(r + 1, 2) ∪ Fr(r + 2, 3))-free
r-graph with ≤ n vertices and (1
r
−O( 1√
n
))
(
n
r−1
)
edges as n→∞.
Proof. For a given n, select d = ⌊log
2
√
n⌋ and m = ⌊n/2d⌋. Then 0 ≤ n−
m2d < 2d ≤ √n. By Proposition 3, there exists an (Fr(r+1, 2)∪Fr(r+2, 3))-
free r-graph with m2d vertices and (1
r
− O( 1
2d
))
(
m2d
r−1
)
edges. Notice that
1
2d
= O( 1√
n
) and
(
m2d
r−1
)
= (1−O( 1√
n
))
(
n
r−1
)
as n→∞.
It is obvious that every Fr(r+1, 2)-free r-graph has at most 1r
(
n
r−1
)
edges.
Hence, Theorems 1 and 4 imply
Corollary 5. When r ≥ 4 and n→∞,
ex
(
n, Fr(r + 1, 2) ∪ Fr(r + 2, 3)
)
=
(
1
r
− o(1)
)(
n
r − 1
)
.
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